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In this paper we consider linear stabilization of plane, Poiseuille � ow using linear quadratic Gaussian optimal
control theory. It is shown that we may signi� cantly increase the dissipation rate of perturbation energy, while
reducing the required control energy, as compared with that reported using simple, integral compensator control
schemes. Poiseuille � ow is described by the in� nite dimensional Navier–Stokes equations. Because it is impossible
to implement in� nite dimensional controllers, we implement high but � nite order controllers. We show that this
procedure in theory can lead to destabilization of unmodeled dynamics. We then show that this may be avoided
using distributed control or, dually, distributed sensing. A problem in high plant order linear quadratic Gaussian
controller design is numerical instability in the synthesis equations. We show a linear quadratic Gaussian design
that uses an extremely low-order plant model. This low-order controller produces results essentially equivalent to
the high-order controller.

Nomenclature
A; B; C; D = state-space representationof system
Eu = control energy
H = channel half-height
J .u/ = cost functional
j =

p
¡1
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Ke , Ke = estimator gain
L = nondimensional channel length
P , NP = solution of controller Riccati equation
Pe, Pe = covariance of estimator error
P¤.x; y; t/ = primary pressure � eld solution
Op.x; y; t/ = small perturbationof pressure
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Qe , We = power spectral density matrices
of process and measurement noises

q.t/l.x/ f .y/ = boundary input function
R, 3 = state and control weighting matrices
Re = Reynolds number Uc H=º
s = complex frequency
Uc = centerline velocity
U ¤.y/ = primary Poiseuille � ow solution for velocity in x

direction
u.t/; Nu.t/ = scalar input function
Ou.x; y; t/, = small perturbationof � ow velocity in x
Ov.x; y; t/ and y directions
V ¤.x; y; t/ = primary velocity of � ow in y direction
v.t/; w.t/ = Gaussian, white process and

measurement noises
x; y = channel coordinates in streamwise and

wall-normal directions
x.t/; Nx.t/ = state vector
Ox.t/ = estimate of state vector
z = streamwise component of shear
®; ®0 = wave number, fundamental wave number
° = degree of closed-loop stability
±. / = delta function
º = kinematic viscosity
Á = modi� ed stream function
Ã = stream function
[a; b] = a¤b
[a.x/; b.x/]x = inner product of a and b de� ned as

1
L

L=2

¡L=2

a.x/b.x/ dx

. /u ; . /m = unmodeled and modeled components

. /¤ = conjugate transpose
j ¢ j = absolute value

= de� ned as

I. Introduction

F EEDBACK control of plane Poiseuille � ow was introduced in
Hu and Bau1 and Joshi et al.2 Hu and Bau1 approached the

problem as a modi� ed Orr–Sommerfeld solution problem. Joshi
et al.2 introduced a control-theoretic framework to the problem. It
was shown that the governingNavier–Stokes equations can be con-
verted to control-theoretictransfer function and state-space models
using a numerical discretization method.2 Using the transfer func-
tion models, it was shown that plane Poiseuille � ow (channel � ow)
can be stabilized using a simple, constant gain feedback, integral
compensatorcontroller.2 By choosingproper sensor locations,Joshi
et al.2 were able to achieve a stable, closed-loop system that was
extremely robust to changingReynoldsnumbers.The subject of this
paper is the description of an optimal controller by moving away
from classical transfer function control design to state space meth-
ods. In the transfer function design used thus far,2 the system was
stabilized, but the stable system still had closed-loop eigenvalues
very near the imaginary s axis. This resulted in slow dissipation of
perturbation energy. The present design provides an optimal, stabi-
lizing controller that achieves a signi� cantly faster dissipation rate
of perturbation energy, while reducing required control energy.

Unlike the simple integral feedback control of Joshi et al.,2 opti-
mal controllers are complicated systems in themselves.3 This adds
considerably to the complexity of the overall closed-loop system.
In fact, many bene� cial qualities have been proven only when the
controller is of the same dimension as that of the plant. In the � ow
case, this brings a special problem because the plant is of in� nite
dimension. Theoretically, the controller must also be of in� nite di-
mension.This is impracticalfor many reasons.First, it is impossible
to physically implement an in� nite dimensional controller.Second,
the use of even very high-order � nite dimensional plants for con-
troller design leads to numerical problems in the optimal control
synthesis equations. We will design an optimal controller using a
� nite order model of the in� nite dimensional plant. However, ap-
plying reduced-ordercontrollers to full-order plants has the risk of
making unmodeled, stable parts of the plant unstable. Therefore,
controllersmust be designed to ensure this does not happen.

This paper is organized as follows. In Sec. II, the linear channel
� ow problem, state-variable control models, and the single-wave-
number � ow model are reviewed. This section is essentially a re-
view of Ref. 2. In Secs. III and IV, a linear quadratic Gaussian
(LQG) controller design is introduced, and ways in which closed-
loop eigenvalues can be made stable to a prescribed degree are
shown. Section V explains how the unavoidable unmodeled dy-
namics of any reduced-ordermodel of an in� nite dimensional plant
can lead to closed-loop instability in LQG design. Distributed ac-
tuation and distributed sensing are shown to be dual solutions to
the stability problem. Section VI demonstrates the performance of
high-order optimal controllers. Section VII presents an extremely
low-order controller design that achieves comparable performance
to the high-order optimal controller design. Section VIII presents
conclusions.

II. Linear Channel Flow Control Problem
A. Dynamic Equations

We consider the same plant as in Ref. 2, i.e., two-dimensional,
plane, Poiseuille � ow between two parallel, stationary plates
(Fig. 1). Let the channel be of � nite length and � nite height,with the
centerlineat zero.The � owin thechannelis describedby theNavier–
Stokes equations. Poiseuille � ow is an exact solution to the non-
linear, incompressible Navier–Stokes equations given � ow driven
by an externally imposed pressure gradient through two stationary
walls. It is givenasU ¤.x; y; t/ DU .y/ D 1¡y2 , V ¤.x; y; t/ D 0, and
P¤.x; y; t/ D ¡2x=Re. Given the primary Poiseuille � ow, consider
small perturbationsin thevelocitiesof Ou.x; y; t/ in thehorizontaldi-
rection, Ov.x; y; t/ in the verticaldirection,and Op.x; y; t/ in the pres-
sure � eld. The linearized, incompressibleNavier–Stokes equations
may be formed by substituting the primary � ow and small pertur-
bations into the nonlinear, incompressibleNavier–Stokes equations
anddisregardingthe second-orderterms involvingtheperturbations:

@ Ou.x; y; t/

@t
C U .y/

@ Ou.x; y; t/

@x
C dU .y/

dy
Ov.x; y; t/

D ¡ @ Op.x; y; t/

@x
C 1

Re
52 Ou.x; y; t/ (1)

@ Ov.x; y; t/

@t
C U .y/

@ Ov.x; y; t/

@x

D ¡ @ Op.x; y; t/

@y
C 1

Re
52 Ov.x; y; t/ (2)

@ Ou.x; y; t/

@ x
C

@ Ov.x; y; t/

@y
D 0 (3)

where the � ow variables are nondimensionalized by the channel
half-height and the centerline velocity. By introducing a stream
function, Ã.x; y; t/, where

Ou.x; y; t/
@Ã.x; y; t/

@y
(4)

and

Ov.x; y; t/ ¡ @Ã.x; y; t/

@x
(5)

Eqs. (1–3) may be combined into a single equation:

@

@t

@2Ã

@x2
C @

@t

@2Ã

@y2
D ¡U .y/

@3Ã

@x3
¡ U .y/

@

@x

@2Ã

@y2

C d2U .y/

dy2

@Ã

@x
C 1

Re
52 .52Ã/ (6)

Assume periodicboundaryconditionsin the streamwise x direction.
For channel � ow, with rigid plates at y D ¡1 and 1, the no-slip
boundary conditions become

Ã.x; y D ¡1; t/ D 0 (7)
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@Ã

@y
.x; y D ¡1; t/ D 0 (8)

Ã.x; y D 1; t/ D 0 (9)

@Ã

@y
.x; y D 1; t/ D 0 (10)

With an initial condition,

Ã.x; y; t D 0/ D g.x; y/ (11)

the boundaryvalueproblemis completelyformed.Equations(6–11)
represent the starting point for construction of a feedback control
system. These equations do not include any control terms and they
do not describe any sensing of � ow� eld variables.

B. Boundary Input
We consider the case of blowing/suction at the lower wall of the

channel. The boundary conditions are now modi� ed from before to
includeboundaryinput, representedas theknownseparablefunction
q.t/l.x/ f .y/,

Ã.x; y D ¡1; t/ D q.t/l.x/ f .y D ¡1/ (12)

@Ã

@y
.x; y D ¡1; t/ D q.t/l.x/

@ f .y D ¡1/

@y
D 0 (13)

Ã.x; y D 1; t/ D 0 (14)

@Ã

@y
.x; y D 1; t/ D q.t/l.x/

@ f .y D 1/

@y
D 0 (15)

Note that these conditions constrain the function f .y/ such
that f .y D ¡1/ 6D 0, [@ f .y D ¡1/]=@y D 0, f .y D 1/ D 0, and
[@ f .y D 1/]=@y D 0. Many functions may be appropriate.One such
function is

f .y/ D 1
2
y4 C 1

4
y3 ¡ y2 ¡ 3

4
y C 1 (16)

To relate boundary conditions on Ã to blowing/suction in the wall-
normal direction, we use Eq. (5) to relate Ov.x; y; t/ and Ã.x; y; t/.
Then Eq. (12) becomes

Ov.x; y D ¡1; t/ D ¡q.t/
@l.x/

@ x
f .y D ¡1/ (17)

Note that Ov.x; y; t/ is related to the derivative of l.x/.
The homogeneousequation(6) and the inhomogeneousboundary

condition (12) can be converted into an inhomogeneous equation
with homogeneous boundary conditionsby introducing

Á.x; y; t/ Ã.x; y; t/ ¡ q.t/ f .y/l.x/ (18)

Then by substituting Eq. (18) into Eq. (6), we obtain

@

@t

@ 2Á

@x2
C @

@t

@2Á

@y2
D ¡U .y/

@ 3Á

@x3
¡ U .y/

@

@x

@2Á

@y2

C d2U .y/

dy2

@Á

@x
C 1

Re

@4Á

@ x4
C 2

1
Re

@2

@x2

@2Á

@y2
C 1

Re

@4Á

@y4

¡ @q.t/

@t

@2l.x/

@x2
f .y/ ¡ @q.t/

@ t
l.x/

@2 f .y/

@y2

¡ q.t/
@3l.x/

@x3
U .y/ f .y/ ¡ q.t/

@l.x/

@x
U .y/

@2 f .y/

@y2

C q.t/
@l.x/

@x
d2U .y/

dy2
f .y/ C 1

Re
q.t/

@4l.x/

@x4
f .y/

C 2
1
Re

q.t/
@2l.x/

@x2

@2 f .y/

@y2
C 1

Re
q.t/l.x/

@4 f .y/

@y4
(19)

The boundary conditions in terms of Á are now Á.y D ¡1/ D 0,
[@Á.y D ¡1/]=@y D 0, Á.y D 1/ D 0, and [@Á.y D 1/]=@y D 0. The
� rst two linesofEq. (19)are theoriginaldynamicalequation,Eq. (6),
and the next four lines are all known input terms.

C. Boundary Output
We use the streamwise component of shear at a single bound-

ary point, z.xi ; y D ¡1; t/, as our boundary output, which is given
by z.xi ; y D ¡1; t/ D [@ Ou.xi ; y D ¡1; t/]=@y. By expressing Ou.xi ,
y D ¡1; t/ in terms of the stream function (4), z.xi ; y D ¡1; t/
D [@2Ã.xi ; y D ¡1; t/]=@y2, and by observing Eq. (18),

z.xi ; y D ¡1; t/ D @2Ã.xi ; y D ¡1; t/

@y2

D @2Á.xi ; y D ¡1; t/

@y2
C q.t/

@2 f .y D ¡1/

@y2
l.xi / (20)

D. State-Space Formulation
As described in Ref. 2, the linearpartialdifferential� ow equation

(19)can be convertedto a set of linearordinarydifferentialequations
by use of a Galerkin method. Approximate the solution of Eq. (19)
as

Á.x; y; t/ D
N

n D ¡N

M

m D 0

anm .t/Pn.x/0m.y/ (21)

and then useappropriateinnerproductsto obtaina � rst-ordersystem
of equations.4 In Eq. (21), the various 0m .y/ are formed from
Chebyshev polynomials4 and

Pn.x/ e jn®0x ; ®0 D 2¼=L ; ¡L=2 · x · L=2 (22)

where the value .n®0/ is called the wave number ® of the system,
whereas ®0 is called the fundamental wave number. Note that only
integral multiples of the fundamental wave number are represented
in the solution (21). This comes about because periodic boundary
conditions in the x direction can only be satis� ed by integral num-
bers of the fundamentalwave number.

The resulting ordinary differential equations are then expressed
in state-space form by de� ning the state as a vector of coef� cients
anm .t/ from Eq. (21). The result is the standard state-space repre-
sentation

dx.t/

dt
D Ax.t/ C Bu.t/ (23)

z.t/ D C x.t/ C Du.t/ (24)

In our case, D D 0.

E. Single-Wave-Number Model
We consider the periodic channel model shown in Fig. 1 with

boundary blowing/suction and boundary shear measurement. The
Reynolds number considered is Re D 1 £ 104. The total length of
the channel is L D 4¼ leading to the fundamental wave number
®0 D 0:5. Recall that only integral multiples of this fundamental
wave number may exist in the periodic channel.For the single wave
number model, only one wave number is included in the model,
correspondingto ® D n®0 D 1:00. This wave number is selected be-
cause it is the only wave number that leads to unstable modes for
this channel geometry.4 Input is distributed along the entire bottom
plate with a sinusoidalweighting function, l.x/ D sin.x/. This type
of distributedinput has very favorableproperties.It will be shown in

Fig. 1 System model for Poiseuille channel � ow.
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Fig. 2 Pole ( £ )/zero (±) con� guration, channel model: Re = 1 £ 104, shear sensor at ¼, l(x) = sin(x), L = 4¼, and ® = 1.0.

Sec. V that a distributedinput of this type leads to a system in which
all modes are uncontrollableexcept those associatedwith the wave
number of l.x/. In this case, the wave number of l.x/ D sin.1:0x/
is ® D 1:0. Therefore, all modes resulting from all wave numbers
other than 1:0 are uncontrollable.This will allow us to consideronly
those poles and zeros associated with ® D 1:0 because the control
will affect these modes only. Note that the physicalblowing/suction
is described by the equation Ov.x; y; t/ D ¡q.t/[@l.x/=@x] f .y D
¡1/ D ¡q.t/ cos.x/ f .y D ¡1/, Eq. (17). The f .y/ function in the
input is chosen as in Eq. (16). To visualize the control theoretic
model, the A, B , and C matrices of the state-spacemodel are trans-
formed to transfer functionform. Figure 2 shows the locationsof the
poles and zeros in the s plane for the channel � ow system of Fig. 1.
The numerical veri� cation of these poles and zeros was described
in Ref. 2.

III. Linear Quadratic Optimal Control Design
with Prescribed Degree of Stability

To achieve a prescribeddegree of stability5 with an optimal con-
troller, consider the exponential cost functional

J .u/ lim
T ! 1

1
T

T

0

e2° t f[Rx.t/; x.t/] C [3u.t/; u.t/]g dt (25)

where the matrix R is semipositive de� nite, 3 is positive de� nite
and de� ned a priori, and ° is a positive scalar. We may show (see
Ref. 5) that we may convert this problem into a quadratic form and
solve for a controller that prescribes all eigenvalues of the closed-
loop system to be to the left of s D ¡° . Rewrite the cost functional
as

J .u/ D lim
T ! 1

1
T

T

0

[Re° t x.t/; e° t x.t/] C [3e° t u.t/; e° t u.t/] dt

(26)

De� ne x.t/ e° t x.t/ and u.t/ e° t u.t/. Then

J . Nu/ D lim
T ! 1

1
T

T

0

[R Nx; Nx] C [3 Nu; Nu] dt (27)

Note

dx.t/

dt
D d

dt
[e° t x.t/] D ° e° t x.t/ C e° t dx.t/

dt
(28)

By substituting for dx.t/=dt ,

d Nx
dt

D .A C I° / Nx C B Nu (29)

Let NA A C I° . Then the optimal control is given by uopt.t/ D
¡3¡1 B¤ NP Nx.t/ and

uopt.t/ D ¡3¡1 B¤ NPx.t/ (30)

where NP is obtained by solving the Riccati equation

P A C NA¤ NP ¡ NP B3¡1 B¤ NP C R D 0 (31)

The new closed-loop system dynamics matrix becomes

A ¡ B3¡1 B¤ NP (32)

whose eigenvalues are all to the left of s D ¡° . It can be shown
(see Ref. 4) that, if .A; B/ is controllableand .A; R/ is observable,
then .A C ° I ; B/ is controllable and there exists a positive de� nite
solution NP of the matrix Riccati equation (31) for R ¸ 0 .

In theory, for full-orderplantmodels, there is no restrictionon the
value of ° . In practice, however, for controllersbuilt using reduced-
orderplantmodels,° is limitedby robustnessof the controllerwhen
applied to the full-order system.

IV. Optimal Estimator Design with
Prescribed Degree of Stability

In the previous section, we derived an optimal controller.As can
be seen from Eq. (30), the control is always represented in terms of
the current state x.t/. These states, however, are not available to us
in the channel problem. Instead, we have access to shear measure-
mentsat only oneor severallocationsalongtheboundary.Therefore,
we must construct an observer to estimate the state x.t/ from the
measured shear outputs z.t/. To see how this is done, consider a
noisy version of the state-space model shown earlier:

dx.t/

dt
D Ax.t/ C Bu.t/ C v.t/ (33)

z.t/ D Cx.t/ C w.t/ (34)

x0 x.t D 0/ (35)

where .A; B/ is again assumed controllable and .A; C/ is assumed
observable.
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Assumption 1: The noise processes v.t/ and w.t/ are white,
Gaussian, of zero mean, and independent of each other and have
known covariances. The matrices P0 , Qe , and We are positive def-
inite:

E[v.t/v¤.¿/] D Qe±.t ¡ ¿ /; E [v.t/] D 0 (36)

E[w.t/w¤.¿ /] D We±.t ¡ ¿ /; E[w.t/] D 0 (37)

E[x.t0/] m (38)

E [x.t0/ ¡ m][x.t0/ ¡ m]¤ P0 (39)

where E .¢/ is an expectation operator.
It may be shown that a steady-stateestimator may be constructed

that minimizes the error covariance between the actual state x.t/
and the estimated state Ox.Z t /, where Z t D [z.l/ : ¡1 < l · t ], i.e.,
the measurement history

min
Ox.Zt /

E [x.t/ ¡ Ox.Z t /][x.t/ ¡ Ox.Z t /]
¤ (40)

It can be shown that the optimal estimate, in the sense of Eq. (40),
is given by the conditionalexpectation Ox.t/ Ox.Z t / D E[x.t/=Z t ],
where E.¢=Z t / is the conditional mean operator. In the linear case
with Gaussian noises, the structure of the estimator is

d Ox.t/

dt
D A Ox.t/ C Bu.t/ C Ke[C Ox.t/ ¡ z.t/] (41)

where

Ke D ¡PeC
¤W ¡1

e (42)

and Pe is calculated from a matrix Riccati equation,

Pe A¤ C APe ¡ PeC
¤W ¡1

e C Pe C Qe D 0 (43)

Note that the stability of Eq. (41) depends on the stability of
.A ¡ PeC¤W ¡1

e C/. The assumptions that We; Qe > 0 and .A; C /
observable assure 9Pe > 0 such that Eq. (43) is satis� ed.

By considering a slightly different estimator Riccati equation,
we may constrain the closed-loop estimator poles to be stable to
a prescribed degree. It can be shown (see Ref. 4) that, if .A; C /
is observable, then .A C ° I; C/ is observable, and there exists a
positive-de�nite solution of the matrix Riccati equation:

Pe.A C ° I /¤ C .A C ° I /Pe ¡ PeC
¤W ¡1

e C Pe C Qe D 0 (44)

for Qe > 0, where ° is a real, positive scalar.Then all eigenvaluesof
.A ¡ PeC¤W ¡1

e C/ are all to the left of s D ¡° . The new estimator
gain is given as

Ke D ¡PeC
¤W ¡1

e (45)

The goal of LQG design is to combine the results of deterministic
linear quadratic control theory and stochastic estimation theory to
form an overall control system. As we have seen, our system equa-
tions become stochasticwith the additionof noise terms. Therefore,
in our controllerdesign,we may no longerminimize a deterministic
cost functional.Rather, we now minimize the expected value of the
cost functional:

E.J / D E lim
T ! 1

1
T

T

0

[Rx.t/; x.t/]C [3u.t/; u.t/] dt (46)

where x.t/ is now a stochastic process. It can be shown that the
optimal control is now expressed in terms of the estimated state,
uopt.t/ D ¡3¡1 B¤ NP Ox.t/. The complete LQG solution is then

Plant:
dx.t/

dt
D Ax.t/ C Bu.t/ C v.t/ (47)

Observation:

z.t/ D Cx.t/ C w.t/ (48)

Initial condition:

x0 x.t D 0/ (49)

Estimator:

d Ox.t/

dt
D A Ox.t/ C Bu.t/ C Ke[C Ox.t/ ¡ z.t/] (50)

Feedback:

uopt.t/ D ¡3¡1 B¤ NP Ox.t/ (51)

where NP is the positive-de�nite solution of Eq. (31) and Ke is given
in Eq. (45).

We may showthat the overallestimator/controllersystemis stable
by stackingthe state, x.t/, and the error,e.t/ Ox ¡x , into one vector
and studying the dynamics of the new system:
&

6$
dx.t/

dt
de.t/

dt

’

7% D
.A ¡ B3¡1 B¤ NP/ ¡B3¡1 B¤ NP

0 A ¡ PeC¤W ¡1
e C

x.t/

e.t/

C
v.t/

¡Kew.t/ ¡ v.t/
(52)

The stability of the system is determined by the eigenvalues of
the dynamical matrix. Clearly, the eigenvalues are composed of the
eigenvaluesof the closed-loopcontroller,.A ¡ B3¡1 B¤ NP/, and the
eigenvalues of the closed-loop estimator, .A ¡ PeC¤W ¡1

e C/. We
have already proven that both of these matrices are stable (under
appropriate assumptions). Therefore, the overall control system is
stablealso.This is known as the separationprinciplein LQG control.

V. Effects of Unmodeled Wave Number Dynamics
on the LQG Problem

We have alreadyseen that the separationprinciplein LQG control
allows us to show that if the controllerand estimatorare both stable,
then the overall system is stable. We will see in this section that this
principle breaks down in the presence of unmodeled dynamics.

Any � nite dimensional model is a reduced-order model for the
in� nite dimensional channel � ow problem. In terms of poles and
zeros studied earlier, more poles and zeros exist in the system than
are accountedfor in the model and the subsequentcontrollerdesign.
It is easy to imagine that an unmodeled pole could be drawn to the
unstablehalf of the s planeby a reduced-ordercontroller.As a result,
even though the designedcontrollermay stabilizethe reduced-order
plant, it may not stabilize the actual in� nite dimensionalplant. Con-
sider the following partition of the state-space model with noise
terms added:

dx

dt
D

&

6$
dxm

dt
dxu

dt

’

7% D
Am 0

0 Au

xm

xu
C

Bm

Bu
u.t/ C

vm .t/

vu.t/

(53)

z D [Cm Cu]x C w.t/ (54)

The process noise v and the measurement noise w are assumed to
be Gaussian, independent, zero mean, white noise processes as in
Eqs. (36) and (37). The unmodeled part is meant to denote only
the dynamics of wave numbers left out of the reduced-ordermodel,
representedby .jnj > N / in Eq. (21). The term Au is assumedstable.
Both Au and Am are of in� nite dimension2—Au because of the in� -
nitenumberofwavenumbersleft outof the reduced-ordermodeland
Am becauseof the in� nite numberof polesfor each of the � nite num-
ber of modeled wave numbers, representedby .m > M/ in Eq. (21).

Because we only know the modeled part of the system, we de-
sign an LQG controller/observer based on that part. Minimize the
expected value of a cost functional J ,

E.J / D E lim
T ! 1

1
T

T

0

[Rxm.t/; xm .t/] C [3u.t/; u.t/] dt

(55)
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where R is any semi-positive-de�nite matrix and 3 is any positive-
de� nite matrix. The optimal control is of the form

uopt.t/ D ¡3¡1 B¤
m

NP Oxm.t/ (56)

where Oxm.t/ is the estimate of the modeled state and the matrix NP
is calculated by solving the algebraic Riccati equation,

A¤
m

NP C NP Am ¡ NP Bm3¡1 B¤
m

NP C R D 0 (57)

with the same assumptionsas in Eqs. (47–51) for the modeledparts.
Because we cannot obtain direct measurements of the current

state xm.t/, we construct an observer as described in Sec. IV:

d Oxm .t/

dt
D Am Oxm.t/ C Bmu.t/ C Ke[Cm Oxm.t/ ¡ z.t/] (58)

where the estimator gain K e D ¡PeC¤
m W ¡1

e requires the solution of
another matrix Riccati equation,

Pe A¤
m C Am Pe ¡ PeC

¤
m W ¡1

e Cm Pe C Qe D 0 (59)

De� ne the error between the estimated,modeled state, Oxm.t/, and
the actual state, xm.t/, as em.t/. Then as in Ref. 6

dem.t/

dt

d Oxm.t/

dt
¡ dxm .t/

dt

D Am ¡ PeC
¤
m W ¡1

e Cm em .t/ C PeC
¤
m W¡1

e Cu xu.t/

C PeC
¤
m W ¡1

e w ¡ vm (60)

where the unmodeled state acts as a forcing term.
To study the entire controller/observer system, stack the modeled

state, the modeled error, and the unmodeled state, and consider the
dynamics of the stacked system:

&

666666$
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(61)

From theLQG theorypresentedin Sec. III, .Am ¡ Bm 3¡1 B¤
m

NP/ and
.Am ¡ PeC¤

m W ¡1
e Cm/ are stable.However, fromEq. (61), the overall

system may not be stable due to the unmodeled actuator in� uence
Bu and sensor in� uence Cu matrices. Therefore, we have seen that
in the LQG framework we cannot ensure overall stability unless the
unmodeled parts of the system are accounted for.

There are two ways to ensure system (61) is stable. One way
is to ensure Bu D 0, i.e., make sure the unmodeled dynamics are
uncontrollablewith respectto theactuator.Theotherway is to ensure
Cu D 0, i.e., make sure the unmodeled dynamics are unobservable
with respect to the sensor. Controllability and observability for the
plane Poiseuille � ow problem were introduced in Ref. 2. We now
explore how we may achieve these conditions.

A. Point Actuation vs Distributed Actuation
One way to guarantee that the overall system (61) is stable is

to ensure that all modes associated with unmodeled wave numbers
are uncontrollable with respect to the input by making Bu D 0. In
the fully developedchannel � ow system, this would account for the
wave numbers left out of the reduced-ordermodel. If

l.x/ Real
N

n D ¡N

e jn®0x (62)

where the n range corresponds to the modeled wave numbers only,
then the projection of l.x/ onto unmodeled wave numbers is zero
due to the orthogonalityof Fourier components.As a result, Bu D 0

and the stability of unmodeled dynamics is retained. Note that be-
cause l.x/ 6D 0 for all but a � nite number of points in the x direction,
this type of scheme is a distributedactuation scheme. Therefore, by
moving from a physically easier to implement point actuator to a
more dif� cult distributed actuator, we have retained stability of the
unmodeled dynamics. Physically, a distributed actuator is obtained
by a large number of independentlyprogrammableactuatorsplaced
along the lower wall. If distributedactuationis infeasibleor undesir-
able, we must look to the dual problem of sensing to gain stability.

B. Point Sensing vs Distributed Sensing
It is seen from Eq. (61) that if Bu 6D 0, stability may still be main-

tained if Cu D 0. This corresponds to making all unmodeled wave
number dynamics unobservable with respect to the shear sensor.
Placing a single shear sensor at a point along the lower channelwall
results in a measurement that includes the effects of all wave num-
bers, both modeled and unmodeled. Clearly, Cu 6D 0, and stability
is not guaranteed. This corresponds to the point forcing case in the
dual problem of actuation. By using a distributed sensing scheme,
however, we may form a new measurement that includes only the
effects of the modeled wave numbers. This is done by projecting a
distributed shear function, z.x; y D ¡1; t/, onto the modeled wave
numbers. The distributed shear function, z.x; y D ¡1; t/ is physi-
cally created by measuring the shear at all points along the lower
channel wall. Then a new projected shear measurement, denoted
Qz.t/, is de� ned as

Qz.t/ Real z.x; y D ¡1; t/;
N

n D ¡N

e j n®0x

x

(63)

where again the n range corresponds to modeled wave numbers
only. Note that, just as in the actuator case, we have implemented

a more physically complicated series of sensors to achieve overall
stability.

There is a subtle difference between making the channel system
unmodeled dynamics unobservable as opposed to uncontrollable.
By making unmodeled dynamics uncontrollable, linear stability is
maintained (under appropriate conditions) because the unmodeled
dynamics cannot be affected by the input. By making unmodeled
dynamics unobservable,however, linear stability is also maintained
(under appropriate conditions), but unmodeled dynamics may be
affected by the input. These affected dynamics could produce tran-
sients that cause the linear model to become invalid.2

In terms of modeling, we need not include either unobservable
or uncontrollablemodes in our plant models. Therefore, distributed
actuation or sensing allows models to be created using only a � nite
number of wave numbers. Note, however, that even a single wave
number model contains an in� nite number of modes shown by the
in� nite number of poles extendingout into the left-hand s plane, as
shown in Fig. 2 (see also Ref. 4).

VI. Control Design Using Finite
Large-Order Models

As we have seen in Sec. V, we may reduce the problem of includ-
ing an in� nite number of wave numbers in a reduced-order model
to a problem of including a � nite number of wave numbers by us-
ing distributed actuation or sensing. However, even with a model
containing only a � nite number of wave numbers, the problem is
still in� nite dimensional because of the in� nite number of poles
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extending into the left-hand s plane for each wave number. Fur-
thermore, we do not know the exact position of poles far into the
left-hand s plane due to the � nite number of basis functions used
in the y direction.4 Still, these poles must be accounted for in the
control design. The fact that uncertain poles appear only at higher
frequencies in the bandwidth will be advantageous. It will allow a
robust controller to be designed that rolls off at high frequencies.

For disturbance rejection, it can be shown (see Ref. 5) that high
loop gain is preferable. On the other hand, for good output noise
suppression,the loop gain should be low at all frequencies in which
the noise enters.5 It is generally assumed that noise is most destruc-
tive at higher frequencies. As a result, control design focuses on
high loop gain at low frequencies where disturbance rejection is
most important and low loop gain at high frequencies where noise
is more of a problem. Therefore, an ideal controller will cause loop
gain to roll off at high frequencies.

In addition to noise at high frequencies, the other major prob-
lem at high frequencies is unmodeled dynamics. We have already
pointed out that there are two types of unmodeled dynamics in the
channel � ow problem. The � rst type is unmodeled dynamics of un-
modeled wave numbers. We accounted for these dynamics through
distributed control or distributed sensing. The second type is un-
modeled dynamics at high frequencies for modeled wave numbers.
This type of unmodeled dynamics has yet to be considered and
is common to most in� nite dimensional systems. To account for
these dynamics, controllers are designed that give low loop gain at
the high frequencies of the open-loop controller/plant series where
unmodeled dynamics exist in order not to stimulate modes at those
frequencies.Roll-off has also been given a more analyticframework
by considering multiplicative,unstructureduncertainty.7

We consider the one-wave-number model shown in Fig. 1 with
Re D 1 £ 104. Only ® D 1:0 is included in the model. All other
wave numbers are uncontrollable due to the distributed input of
l.x/ D sin.x/ as shown in Sec. V.A. A single point sensor is located
at ¼ . The length of the channel is 4¼ leading to a fundamentalwave
number of ®0 D 1

2
.

We now design an LQG controller and compare closed-loop re-
sponse with that of the simple, integral controller introduced in
Ref. 2. The integral control method is shown in Fig. 3, and the LQG
control method is shown in Fig. 4. Two criteria will be used in com-
paring controllers: 1) output (shear) settling time and 2) required
control energy. Control energy will be de� ned as

Eu

T

0

ju.t/j2 dt (64)

where T is a � nite upper bound.
We consider two models in evaluating the resulting LQG con-

troller: one model of order 252 (validation model) and the other
model of order 140 (reduced-ordermodel). The validationmodel is
constructed by including all poles and zeros to the right of s D ¡4
(refer to Fig. 2). The reduced-order model includes all observable
and controllable poles and zeros to the right of s D ¡2 (refer to
Fig. 2). The reduced-ordermodel was created by using the minreal
function within the MATLABTM control toolbox8 with the parame-
ter valuetolD 1e¡3.Table1 listsallmodelsconsideredin this study.
The lqr and lqe2 functions of the MATLAB control toolbox were
used to create an LQG controller using the reduced-order model.
The A matrix supplied to each of these MATLAB functions was
modi� ed to .A C I ° / to achieve a prescribed degree of stability as

Fig. 3 Integral control block diagram.

described in Secs. III and IV. The following parameters were used:
° D 0:005, R D 0:001C¤C , 3 D I , Qe D 10B B¤, and We D 1. The
R matrix was chosen to minimize shear in the cost functional (46),
the Qe matrix was originallychosen to recover robustnessproperties
using loop transfer recovery techniques,9 ° was chosen by trial and
error to decrease settling time without increasing control energy,
and We and 3 were chosen using trial and error. The gain of the
integral controller was chosen as K I D 0:07.

Figures 5 and 6 show the shear output and blowing/suction
input signal for the closed-loop system (validation model plus

Table 1 Models used in LQG
controller design

Model name Order

Validation 252
Reduced-order 140
Low-order 8

Fig. 4 LQG control loop for validation model plant and LQG con-
troller.

Fig. 5 Shear at ouput of closed-loop system: – – – , integral control
method, and ——, reduced-order LQG control method.
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Fig. 6 Blowing and suction control input: – – – , input from integral
control method, and ——, input from reduced-order LQG control
method.

Fig. 7 Root locus of optimal controller synthesized using reduced-
order model in series with validation model plant for gain K varying
from 0 to 4.

Fig. 8 Open-loop response magnitude for series connection of LQG
controller (using reduced-order model) and validation model.

controller) for the same plant initial condition [ones (252, 1) in
MATLAB]. Clearly, using the LQG controller, the channel system
has a muchshorter settling time.More signi� cantly, this reducedset-
tling time is accompanied by lower control energy. Indeed, for the
LQG case, ELQG D 0:5809, whereas for the integral controller case,
EINT D 0:8178. Note that, because all values are nondimensional, it
is the comparison of energies that is important, not the actual num-
bers. Similar results were obtained for other initial conditions, as
well as disturbance inputs.

In analyzing the resulting control system, consider Fig. 4. The
optimal control is de� ned at K D 1 with a properly designed LQG
controller. Note that many poles in the validation model are either
uncontrollableor unobservableas shown by pole/zero cancellations
(Fig. 2). These poles cannot be moved. We concentrate on moving
only theobservable/controllablepoles.Figure7 shows the root locus
of the controller/estimator, designed using the reduced-ordermodel
(order 140), in series with the validation model (order 252), for
gain values K varying from 0 to 4. Poles of the closed-loop system
achieve the goal of being to the left of s D ¡0:005 with gain K D 1.
Consequently, settling time is reduced. Finally, Fig. 8 shows the
magnitude response for the open-loopseries connectionof the LQG
controller(usingthe reduced-ordermodel) and thevalidationmodel.
Note that the loop gain rolls off at higher frequencies.

VII. Control Design Using Low-Order Models
Although we achieved our goal in Sec. VI, we designedour LQG

controller with a high dimensional plant model (order 140). This
might lead to numericalproblems if the design was attemptedwith a

Fig. 9 Pole ( £ )/zero (±) con� guration of low-order model.

Fig. 10 Shear at output of closed-loop system: – – – , using reduced-
order LQG controller, and ——, using low-order LQG controller.
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new model that containedseveralwave numbersas the model would
be even larger. As a result, we would like to develop a design that
uses an extremely low-order model. Consider the model shown in
Fig. 9 (low-ordermodel). This model containseight poles and seven
zeros.

An LQG controller is designed using only the low-order model.
The parameters for the design are the same as in Sec. VI. Figure 10
shows theclosed-loopoutputresponseof thevalidationmodel(order
252) and the controller obtained from the low-order model (Fig. 9).
An almost identicalsettling time is achievedcomparedwith the con-
troller using the reduced-ordermodel (order 140). Also, the control
energy is only slightly increased to E low-order D 0:6131. Using this
design, we have reduced the order of the LQG controller from 140
to 8, while maintaining performance.

VIII. Conclusion
Linear stabilization of plane, Poiseuille � ow using linear

quadratic Gaussian optimal control theory has been examined. The
in� nitedimensionalnatureof theproblemposeschallengesfor � nite
dimensionalcontrol. Distributed actuation and/or sensing methods,
as well as loop gain roll-off, can be used to address the inherent
unmodeled dynamics of � nite dimensional models of in� nite di-
mensional systems. Using linear quadratic Gaussian methods, we
achieved signi� cantly higher dissipation rates, while using lower
control energy, than those reported in integral compensator control
schemes. We showed linear quadratic Gaussian designs that used
both a high-order and an extremely low-order plant model for con-
trol synthesis.The low-order controllerproduced results essentially
equivalent to the high-order controller. In this paper, we have ex-
amined linear quadratic Gaussian control methods. Other control
approaches exist that are based on worst-case design.10 The meth-
ods discussed in this paper were aimed at reducingsettling time and
control energy. However, additional criteria such as limiting tran-
sient growth will be important in preserving the integrity of a linear
model of channel � ow and preventing transition of laminar channel
� ow to turbulent channel � ow.
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